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Abstract
For a monoid M , we introduce M-quasi-Armendariz rings which are a generalization of quasi-Armendariz rings, and investigate
their properties. The M-quasi-Armendariz condition is aMorita invariant property. The class of M-quasi-Armendariz rings is closed
under some kinds of upper triangular matrix rings. Every semiprime ring is M-quasi-Armendariz for any unique product monoid
and any strictly totally ordered monoid M . Moreover, we study the relationship between the quasi-Baer property of a ring R and
those of the monoid ring R[M]. Every quasi-Baer ring is M-quasi-Armendariz for any unique product monoid and any strictly
totally ordered monoid M .
c© 2007 Elsevier B.V. All rights reserved.
MSC: 16S36; 16N60; 16P60
0. Introduction
Throughout this paper R and M denote an associative ring with identity and a monoid respectively. Rege and
Chhawchharia [13] introduced the notion of an Armendariz ring. A ring R is called Armendariz if whenever
polynomials f (x) = a0+a1x+· · ·+anxn, g(x) = b0+b1x+· · ·+bmxm ∈ R[x] satisfy f (x)g(x) = 0, then aib j = 0
for each i, j . The name “Armendariz ring” was chosen because Armendariz [2, Lemma 1] had shown that a reduced
ring (i.e., a ring without nonzero nilpotent elements) satisfies this condition. Some properties of Armendariz rings
have been studied in Rege and Chhawchharia [13], Armendariz [2], Anderson and Camillo [1], and Kim and Lee [9].
In [17], Zhongkui studied a generalization of Armendariz rings, which are called M-Armendariz rings, where M is a
monoid. A ring R is called M-Armendariz if whenever α = a1g1 + · · · + angn, β = b1h1 + · · · + bmhm ∈ R[M],
with gi , h j ∈ M , satisfy αβ = 0, then aib j = 0 for each i, j . According to Hirano [7], a ring R is called quasi-
Armendariz if whenever polynomials f (x) = a0 + a1x + · · · + anxn, g(x) = b0 + b1x + · · · + bmxm ∈ R[x] satisfy
f (x)R[x]g(x) = 0, then ai Rb j = 0 for each i, j . In [7], Hirano studied some properties of quasi-Armendariz rings.
Motivated by results in Armendariz [2], Anderson and Camillo [1], Kim and Lee [9], Hirano [7], Hong et al. [8],
Lee and Wong [10] and Zhongkui [17], we investigate a generalization of a quasi-Armendariz ring which we call an
M-quasi-Armendariz ring.
∗ Tel.: +98 2324222522.
E-mail addresses: eb hashemi@yahoo.com, eb hashemi@shahroodut.ac.ir.
0022-4049/$ - see front matter c© 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2007.01.018
E. Hashemi / Journal of Pure and Applied Algebra 211 (2007) 374–382 375
1. Quasi-Armendariz rings relative to a monoid
Definition 1.1. Let M be a monoid. We say that R is M-quasi-Armendariz if whenever α = a1g1 + · · · + angn, β =
b1h1 + · · · + bmhm ∈ R[M] satisfy αR[M]β = 0, then ai Rb j = 0 for each i, j .
If M = (N ∪ {0}), then R is M-quasi-Armendariz if and only if R is quasi-Armendariz. If R is reduced and
M-Armendariz, then R is M-quasi-Armendariz.
Let R be a ring and define Tn(R) =

a a12 · · · a1n0 a · · · a2n..
.
.
.
.
. . .
.
.
.
0 0 · · · a
 | a, ai j ∈ R
with n a positive integer ≥ 2. In [17,
Proposition 1.7], Zhongkui proved that if R is M-Armendariz and reduced then T3(R) is M-Armendariz. Also he
showed that T4(R) is not M-Armendariz. The following results will give more examples of M-quasi-Armendariz
rings which are not M-Armendariz.
Proposition 1.2. Let R be an M-Armendariz and reduced ring. Then Tn(R) is M-quasi-Armendariz for each n ≥ 2.
Proof. It is easy to see that there exists an isomorphism of rings Tn(R)[M] −→ Tn(R[M]) defined by
s∑
k=1

ak ak12 · · · ak1n
0 ak · · · ak2n
...
...
. . .
...
0 0 · · · ak
 gk −→

s∑
k=1
akgk
s∑
k=1
ak12gk · · ·
s∑
k=1
ak1ngk
0
s∑
k=1
akgk · · ·
s∑
k=1
ak2ngk
...
...
. . .
...
0 0 · · ·
s∑
k=1
akgk

=

α α12 · · · α1n
0 α · · · α2n
...
...
. . .
...
0 0 · · · α
 .
We proceed by induction on n. First, we claim that T2(R) is M-quasi-Armendariz. Suppose that X = A1g1+· · ·+Asgs
and Y = B1h1 + · · · + Bmhm ∈ T2(R)[M] are such that XT2(R)[M]Y = 0. We claim that AiT2(R)B j = 0 for each
i, j . Assume that
Ai =
(
ai ai12
0 ai
)
and B j =
(
b j b j12
0 b j
)
.
Then we have
s∑
i=1
aigi
s∑
i=1
ai12gi
0
s∑
i=1
aigi
 A

m∑
j=1
b jh j
m∑
j=1
b j12h j
0
m∑
j=1
b jh j
 =
(
α α12
0 α
)
A
(
β β12
0 β
)
= 0
for each A ∈ T2(R). Thus αcβ = 0 and αcβ12 + α12cβ = 0 for each c ∈ R. If we multiply the second equation on
the left by α, then ααcβ12 = 0 for each c ∈ R, since R[M] is reduced. It follows that αcβ12 = 0 and so α12cβ = 0
for each c ∈ R. Hence αRβ12 = α12Rβ = αRβ = 0. Therefore ai Rb j12 = ai12Rb j = ai Rb j = 0 for all i =
1, . . . , s, j = 1, . . . ,m, since R is M-Armendariz. Consequently, AiT2(R)B j = 0 for all i = 1, . . . , s, j = 1, . . . ,m.
Next, let X = A1g1 + · · · + Asgs and Y = B1h1 + · · · + Bmhm ∈ Tn(R)[M] be such that XTn(R)[M]Y = 0. We
claim that AiTn(R)B j = 0 for all i = 1, . . . , s, j = 1, . . . ,m. Assume that
Ai =

ai11 a
i
12 · · · ai1n
0 ai22 · · · ai2n
...
...
. . .
...
0 0 · · · ainn
 and B j =

b j11 b
j
12 · · · b j1n
0 b j22 · · · b j2n
...
...
. . .
...
0 0 · · · b jnn
 with ait t = aikk
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and b jt t = b jkk for each i, j, k, t . Let
α =

s∑
i=1
ai11gi
s∑
i=1
ai12gi · · ·
s∑
i=1
ai1ngi
0
s∑
i=1
ai22gi · · ·
s∑
i=1
ai2ngi
...
...
. . .
...
0 0 · · ·
s∑
i=1
ainngi

=

α11 α12 · · · α1n
0 α22 · · · α2n
...
...
. . .
...
0 0 · · · αnn

and
β =

m∑
j=1
b j11h j
m∑
j=1
b j12h j · · ·
m∑
j=1
b j1nh j
0
m∑
j=1
b j22h j · · ·
m∑
j=1
b j2nh j
...
...
. . .
...
0 0 · · ·
m∑
j=1
b jnnh j

=

β11 β12 · · · β1n
0 β22 · · · β2n
...
...
. . .
...
0 0 · · · βnn
 .
We show that αi jβ jk = 0 for each i = 1, . . . , n, j = 1, . . . , n, k = 1, . . . , n. Since αTn(R)β = 0, we have
α11 α12 · · · α1(n−1)
0 α22 · · · α2(n−1)
...
...
. . .
...
0 0 · · · α(n−1)(n−1)
 Tn−1(R)

β11 β12 · · · β1(n−1)
0 β22 · · · β2(n−1)
...
...
. . .
...
0 0 · · · β(n−1)(n−1)
 = 0
and 
α22 α23 · · · α2n
0 α33 · · · α3n
...
...
. . .
...
0 0 · · · αnn
 Tn−1(R)

β22 β23 · · · β2n
0 β33 · · · β3n
...
...
. . .
...
0 0 · · · βnn
 = 0.
Then by the induction hypothesis, αi jβ jk = 0 for each i = 1, . . . , n − 1, j = 1, . . . , n − 1, k = 1, . . . , n − 1 and
αi jβ jn = 0 for each i = 2, . . . , n and j = 2, . . . , n. Since αTn(R)β = 0, we have α11cβ1n+α12cβ2n+· · ·+α1ncβnn =
0 (Ď), for each c ∈ R. Since R[M] is reduced and α11 = α j j , αi iβin = 0 for each i = 2, . . . , n, if we multiply this
equation on the left by α11, then α11α11β1n = 0 and α11β1n = 0. Hence α12β2n + · · · + α1nβnn = 0. Also if we
multiply this equation on the right by βnn , then α1nβnnβnn = 0 and α1nβnn = 0, since βnn = β j j for each j and
R[M] is reduced. Thus α12cβ2n +· · ·+α1(n−1)cβ(n−1)n = 0, for each c ∈ R. Replacing c by α12 in Eq. (Ď), we obtain
α12α12β2n + · · · + α1(n−1)α12β(n−1)n = 0. (1)
Since αTn(R)β = 0, we have
α

α12 0 · · · 0 0 0
0 α12 α13 · · · α1(n−1) 0
0 0 α12 0 · · · 0
0 0 0 α12 · · · 0
...
...
...
...
. . .
...
0 0 0 · · · 0 α12
β =

α11α12β11 · · · · · · x
0 α22α12β22 · · · · · ·
...
...
. . .
...
0 0 · · · αnnα12βnn
 = 0,
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where x = α13α12β3n + · · · + α1(n−1)α12β(n−1)n . Hence
α13α12β3n + · · · + α1(n−1)α12β(n−1)n = 0. (2)
Therefore, from Eqs. (1) and (2), we obtain α12α12β2n = 0 and that α12β2n = 0. Hence

α11 α13 α14 · · · α1(n−1) α1n
0 α22 α24 · · · α2(n−1) α2n
...
...
. . .
...
...
...
0 0 · · · α(n−3)(n−3) α(n−3)(n−1) α(n−3)n
0 0 · · · 0 α(n−2)(n−2) α(n−2)n
0 0 0 · · · 0 α(n−1)(n−1)

Tn−1(R)
×

β22 β23 β24 · · · β2(n−1) β1n
0 β33 β34 · · · β3(n−1) β3n
...
...
. . .
...
...
...
0 0 · · · β(n−2)(n−2) β(n−2)(n−1) β(n−2)n
0 0 · · · 0 β(n−1)(n−1) β(n−1)n
0 0 · · · 0 0 βnn

= 0.
Then by the induction hypothesis, α13β3n = · · · = α1(n−1)β(n−1)n = 0. Therefore αi j Rβ jk = 0 for each i, j, k, since
R[M] is reduced. Consequently, aipq Rb jqt = 0 for each i, j, p, q, t , which implies that AiCB j = 0 for each i, j and
C ∈ Tn(R). Therefore Tn(R) is M-quasi-Armendariz.
Let R be a ring and let n be a positive integer. Let Mn(R) denote the ring of n × n matrices over R and ei j denote
the (i, j)-matrix unit. 
Theorem 1.3. If R is an M-quasi-Armendariz ring, let S be a subring of Mn(R) such that ei i Se j j ⊆ S for all
i, j ∈ {1, . . . , n}. Then S is an M-quasi-Armendariz ring.
Proof. It is easy to see that there exists an isomorphism of rings Mn(R)[M] −→ Mn(R[M]) defined by
s∑
k=1

ak11 a
k
12 · · · ak1n
ak21 a
k
22 · · · ak2n
...
...
. . .
...
akn1 a
k
n2 · · · aknn
 gk −→

s∑
k=1
ak11gk
s∑
k=1
ak12gk · · ·
s∑
k=1
ak1ngk
s∑
k=1
ak21gk
s∑
k=1
ak22gk · · ·
s∑
k=1
ak2ngk
...
...
. . .
...
s∑
k=1
akn1gk
s∑
k=1
akn2gk · · ·
s∑
k=1
aknngk

=

α11 α12 · · · α1n
α21 α22 · · · α2n
...
...
. . .
...
αn1 αn2 · · · αnn
 .
Let X = A1g1 + · · · + Akgk and Y = B1h1 + · · · + Bmhm ∈ S[M] be such that XS[M]Y = 0. Assume that
Ai =

ai11 a
i
12 · · · ai1n
ai21 a
i
22 · · · ai2n
...
...
...
...
ain1 a
i
n2 · · · ainn
 and B j =

b j11 b
j
12 · · · b j1n
b j21 b
j
22 · · · b j2n
...
...
...
...
b jn1 b
j
n2 · · · b jnn
 for each i, j.
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Then for each c ∈ R such that eppceqq ∈ S, we have XeppceqqgY = 0 with g ∈ M . Thus
0 · · ·
k∑
i=1
ai1pcgi 0 · · ·
0 · · ·
k∑
i=1
ai2pcgi 0 · · ·
...
...
...
...
...
0 · · ·
k∑
i=1
ai(n−1)pcgi 0 · · ·
0 · · ·
k∑
i=1
ainpcgi 0 · · ·


0 0 · · · 0 0
...
...
...
...
...
m∑
j=1
b jq1gh j
m∑
j=1
b jq2gh j · · ·
m∑
j=1
b jq(n−1)gh j
m∑
j=1
b jqngh j
0 0 · · · 0 0
...
...
...
...
...

= 0.
Hence (
∑k
i=1 aispgi )cg(
∑m
j=1 b
j
qth j ) = 0 for each s, p, q, t ≥ 1 and g ∈ M . Since {c ∈ R|eppceqq ∈ S} forms an
ideal of R, (
∑k
i=1 aispgi )cR[M](
∑m
j=1 b
j
qth j ) = 0 for each s, p, q, t . Since R is M-quasi-Armendariz, aispcb jqt = 0
for all i, j . By hypothesis on S, every element of S is a sum of such eppceqq ; we conclude that Ai SB j = 0 for all i, j .
Therefore S is M-quasi-Armendariz. 
Proposition 1.4. If R is M-quasi-Armendariz, then for any nonzero idempotent e ∈ R, eRe is M-quasi-Armendariz.
Proof. Let α = a1g1 + · · · + angn and β = b1h1 + · · · + bmhm ∈ eRe[M] be such that αeRe[M]β = 0. Since
αe = α and eβ = β, we have αR[M]β = 0. Hence ai Rb j = 0, since R is M-quasi-Armendariz. Since aie = ai and
eb j = b j for each i, j , we conclude that aieReb j = 0 for each i, j . 
The following is a result of Theorem 1.3 and Proposition 1.4.
Theorem 1.5. The endomorphism ring of a finitely generated projective module over an M-quasi-Armendariz ring R
is M-quasi-Armendariz. In particular, the condition of being M-quasi-Armendariz is a Morita invariant property.
Corollary 1.6. If R is an M-quasi-Armendariz ring, then the ring of all n × n upper triangular matrices over R is
also M-quasi-Armendariz.
Recall that a monoid M is called a u.p.-monoid (unique product monoid) if for any two nonempty finite subsets
A, B ⊆ M there exists an element g ∈ M uniquely presented in the form ab where a ∈ A and b ∈ B. The class
of u.p.-monoids is quite large and important (see [5,11,12]). For example, this class includes the right or left ordered
monoids, submonoids of a free group, and torsion-free nilpotent groups. Every u.p.-monoid M has no non-unity
element of finite order.
Proposition 1.7. Let M be a u.p.-monoid and R be a semiprime ring. Then R is M-quasi-Armendariz.
Proof. Let α = a1g1 + · · · + angn and β = b1h1 + · · · + bmhm ∈ R[M] be such that αR[M]β = 0. We show that
ai Rb j = 0 for each i, j . We proceed by induction on n + m.
Step 1. n + m = 2. Then α = a1g1 and β = b1h1. Hence a1Rb1 = 0.
Step 2. Let n +m ≥ 3. Since M is a u.p.-monoid, there exists i, j with 1 ≤ i ≤ n and 1 ≤ j ≤ m such that gih j is
uniquely presented by considering two subsets A = {g1, . . . , gn} and B = {h1, . . . , hm} of M . Hence ai Rb jgih j = 0
so that ai Rb j = 0. Thus 0 = (a1g1+· · ·+angn)R[M]aic(b1h1+· · ·+bmhm) = (a1g1+· · ·+angn)R[M](aicb1h1+
· · · + aicb j−1h j−1 + aicb j+1h j+1 + · · · + aicbmhm) for each c ∈ R. By induction, it follows that ai Raicbq = 0
for each c ∈ R and q = 1, . . . ,m. Then (Rai Rbq R)2 = 0 and so ai Rbq = 0, for each q = 1, . . . ,m, since R is
semiprime. Thus (a1g1 + · · · + ai−1gi−1 + ai+1gi+1 + · · · + angn)R[M](b1h1 + · · · + bmhm) = 0. Continuing this
procedure yields ai Rb j = 0 for each 1 ≤ i ≤ n, 1 ≤ j ≤ m. Therefore R is M-quasi-Armendariz.
Let (M,≤) be an ordered monoid. If for any g1, g2, h ∈ M, g1 < g2 implies that g1h < g2h and hg1 < hg2, then
(M,≤) is called a strictly ordered monoid.
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Proposition 1.8. Let M be a strictly totally ordered monoid and R be a semiprime ring. Then R is M-quasi-
Armendariz.
Proof. Let α = a1g1 + · · · + angn and β = b1h1 + · · · + bmhm ∈ R[M] be such that αR[M]β = 0 and
g1 < · · · < gn, h1 < · · · < hm . We use transfinite induction on the strictly totally ordered set (M,≤) to show
that ai Rb j = 0 for each i, j . Clearly, g1h1 < gih j if i 6= 1 or j 6= 1. Hence a1Rb1 = 0. Now suppose that ω ∈ M
is such that for any gi and h j with gih j < ω, ai Rb j = 0. We will show that ai Rb j = 0 for any gi and h j with
gih j = ω. Set X = {(gi , h j )|gih j = ω}. Then X is a finite set. We write X as {(git , h jt )|t = 1, . . . , k} such that
gi1 < · · · < gin . Since M is cancellative, gi1 = gi2 and gi1h j1 = gi2h j2 = ω imply h j1 = h j2 . Since ≤ is a strict
order, gi1 < gi2 and gi1h j1 = gi2h j2 = ω imply h j2 < h j1 . Thus we have h jk < · · · < h j2 < h j1 . Now∑
(gi ,h j )∈X
aicb j =
k∑
t=1
ait cb jt = 0 for each c ∈ R. (3)
For any t ≥ 2, gi1h jt < git h jt = ω, and thus, by the induction hypothesis, we have ai1Rb jt = 0 for each t = 2, . . . , k.
Let d be an arbitrary element of R. By multiplying Eq. (3) by ai1d, from the left, we have ai1Rai1Rb j1 = 0. Since R
is semiprime, we have ai1Rb j1 = 0. Now Eq. (3) becomes
k∑
t=2
ait cb jt = 0 for each c ∈ R. (4)
By multiplying Eq. (4) by ai2d , from the left, we obtain ai2Rb j2 = 0 in the same way as above. Continuing this
process, we can prove ai Rb j = 0 for any i, j with gih j = ω. Therefore, by transfinite induction, ai Rb j = 0 for any
i, j . Thus R is M-quasi-Armendariz. 
Corollary 1.9. Let R be a semiprime ring. Then R is M-quasi-Armendariz, that is for any α = a−mx−m + · · · +
bq xq , β = b−nx−n + · · · + bq xq ∈ R[x, x−1], if αR[x, x−1]β = 0, then ai Rb j = 0 for each i, j .
It was shown in [17, Proposition 1.4] that if I is a reduced ideal of R such that R/I is M-Armendariz then R is
M-Armendariz, where M is a strictly totally ordered monoid. Here we have the following result:
Proposition 1.10. Let M be a strictly totally ordered monoid and I an ideal of R. If I is a semiprime ring and R/I
is M-quasi-Armendariz, then R is M-quasi-Armendariz.
Proof. Let α = a1g1 + · · · + angn and β = b1h1 + · · · + bmhm ∈ R[M] be such that αR[M]β = 0 and
g1 < · · · < gn, h1 < · · · < hm . We use transfinite induction on the strictly totally ordered set (M,≤) to show
that ai Rb j = 0 for each i, j . Note that in (R/I )[M], (a1g1 + · · · + angn)R/I (b1h1 + · · · + bmhm) = 0. Thus we
have ai Rb j ⊆ I for each i, j , since R/I is M-quasi-Armendariz. By analogy with the proof of Proposition 1.8,
we can show that a1Rb1 = 0. Take the same induction hypothesis as in the proof of Proposition 1.8. For any
t ≥ 2, gi1h jt < git h jt = ω, and thus, by the induction hypothesis, we have ai1Rb jt = 0. Now∑
(gi ,h j )∈X
aicb j =
k∑
t=1
ait cb jt = 0 for each c ∈ R. (5)
Let d be an arbitrary element of R. By multiplying Eq. (5) by ai1d, from the left, we have ai1Rai1Rb j1 = 0. Hence
(Rai1Rb j1R)
2 = 0. Since Rai1Rb j1R ⊆ I , and I is a semiprime ring, we have ai1Rb j1 = 0. Now Eq. (5), becomes
k∑
t=2
ait cb jt = 0 for each c ∈ R. (6)
By multiplying Eq. (6) by ai2d , from the left, we obtain ai2Rb j2 = 0 in the same way as above. Continuing this
process, we can prove ai Rb j = 0 for any i, j with gih j = ω. Therefore, by transfinite induction, ai Rb j = 0 for any
i, j . Thus R is M-quasi-Armendariz. 
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Proposition 1.11. Let M be an u.p.-monoid and I an ideal of R. If I is a semiprime ring and R/I is M-quasi-
Armendariz, then R is M-quasi-Armendariz.
Proof. Let α = a1g1 + · · · + angn and β = b1h1 + · · · + bmhm ∈ R[M] be such that αR[M]β = 0. Note that in
(R/I )[M], (a1g1 + · · · + angn)R/I (b1h1 + · · · + bmhm) = 0. Thus we have ai Rb j ⊆ I for each i, j , since R/I is
M-quasi-Armendariz. By analogy with the proof of Proposition 1.7, one can complete the proof. 
Recall that a monoid M is called torsion-free if the following property holds: if g, h ∈ M and k ≥ 1 are such that
gk = hk , then g = h.
Corollary 1.12. Let M be a commutative, cancellative and torsion-free monoid. If one of the following conditions
holds, then R is M-quasi-Armendariz:
(1) R is semiprime.
(2) R/I is M-quasi-Armendariz for some ideal I of R and I is a semiprime ring.
Proof. If M is commutative, cancellative and torsion-free, then by [14] there exists a compatible strict total order ≤
on M . Now the results follow from Propositions 1.8 and 1.10. 
Lemma 1.13. Let M be a cyclic group of order n ≥ 2 and R a ring with 0 6= 1. Then R is not M-quasi-Armendariz.
Proof. Suppose that M = {e, g, g2, . . . , gn−1}. Let α = 1e + 1g + 1g2 + · · · + 1gn−1 and β = 1e + (−1)g. Then
αcβ = 0 for each c ∈ R and αR[M]β = 0. Thus R is not M-quasi-Armendariz. 
The following is trivial.
Lemma 1.14. Let M be an abelian monoid and N a submonoid of M. If R is M-quasi-Armendariz, then R is N-
quasi-Armendariz.
Lemma 1.15 ([17, Lemma 1.13]). Let M and N be u.p.-monoids. Then so is the monoid M × N.
Theorem 1.16. Let M be a finitely generated abelian group. Then the following are equivalent:
(1) M is torsion-free.
(2) There exists a ring R with |R| ≥ 2 such that R is M-quasi-Armendariz.
Proof. (1)⇒ (2). Since M is a finitely generated torsion-free abelian group, then M ∼= Z× · · · × Z, a finite product
of group Z. By Lemma 1.15, M is a u.p.-monoid. Let R be a semiprime ring. Then R is M-quasi-Armendariz, by
Proposition 1.7.
(2)⇒ (1). Let g ∈ M be an element of finite order with g 6= e. Then N = 〈g〉 is a cyclic group of finite order. If
a ring R 6= {0} is M-quasi-Armendariz, then R is N -quasi-Armendariz, a contradiction with Lemma 1.14. Thus M is
torsion-free. 
A ring R is a subdirect sum of a family of rings {Ri }i∈I if there is an injective homomorphism f : R → Πi∈I Ri
such that, for each j ∈ I , pi j f : R → R j is a surjective homomorphism, where pi j : Πi∈I Ri → R j is the j th
projection. In [17], Zhongkui showed that if R is a subdirect sum of M-Armendariz rings, then R is an M-Armendariz
ring. Similarly we have the following.
Proposition 1.17. If R is a subdirect sum of M-quasi-Armendariz rings, then R is M-quasi-Armendariz.
Proof. Let Ik (k ∈ K ) be ideals of R such that R/Ik is M-quasi-Armendariz and ∩k∈K Ik = 0. Suppose that
α = a1g1 + · · · + angn, β = b1h1 + · · · + bmhm ∈ R[M] satisfy αR[M]β = 0. Since R/I j is M-quasi-Armendariz,
for each j ∈ J , we have ai Rb j ⊆ Ik for each i, j . Hence ai Rb j ⊆ ∩k∈K Ik = 0. 
E. Hashemi / Journal of Pure and Applied Algebra 211 (2007) 374–382 381
2. Quasi-Baer rings
A ring R is called quasi-Baer if the left annihilator of every left ideal of R is generated by an idempotent. Note that
this definition is left–right symmetric. Some results for a quasi-Baer ring can be found in [3,4,6,12]. Following [7],
for a ring R, put rAnnR(id(R)) = {rR(U ) | U is an ideal of R}.
Proposition 2.1. Let M be a monoid. Then the following statements are equivalent:
(1) R is M-quasi-Armendariz;
(2) ψ : rAnnR(id(R))→ rAnnR[M](id(R[M])); A → A[M] is bijective.
Proof. (1)⇒ (2). Let A ∈ rAnnR(id(R)). Then there exists an ideal I of R such that A = rR(I ). Clearly I [M] is an
ideal of R[M] and I [M]A[M] = 0. Let α = a1g1 + · · · + angn ∈ r(I [M]). Then I [M]R[M]α = 0. Hence I ai = 0
for each i , since R is M-quasi-Armendariz. Thus ai ∈ I and rR[M](I [M]) = A[M]. Consequently, ψ is a well defined
map. Assume that B ∈ rAnnR[M](id(R[M])); then there exists an ideal J of R[M] such that B = rR[M](J ). Let
B1 and J1 denote the set of coefficients of elements of B and J respectively. We claim that rR(J1R) = B1R. Let
α = a1g1 + · · · + angn ∈ J and β = b1h1 + · · · + bmbm ∈ B. Then αR[M]β = 0. Hence ai Rb j = 0 for all
ai , b j , since R is M-quasi-Armendariz. Thus J1RB1R = 0 and B1R ⊆ rR(J1R). Clearly rR(J1R) ⊆ B1R. Thus
rR(J1R) = B1R; hence rR[M](J ) = B1R[M].
(2) ⇒ (1). Let α = a1g1 + · · · + angn ∈ J and β = b1h1 + · · · + bmbm ∈ R[M] satisfy αR[M]β = 0.
Then β ∈ rR[M](R[M]αR[M]) = A[M], where A is an ideal of R. Hence b1, . . . , bm ∈ A and so αRb j = 0 for
j = 1, . . . ,m. Thus ai Rb j = 0 for i = 1, . . . , n and j = 1, . . . ,m. Therefore R is M-quasi-Armendariz. 
Definition 2.2. A submodule N of a left R-module M is called a pure submodule if L ⊗R N → L ⊗R M is a
monomorphism for every right R-module L . Following Tominaga [16], an ideal I of R is said to be right s-unital
if, for each a ∈ I , there is an x ∈ I such that ax = a. If an ideal I of R is right s-unital, then for any finite subset F
of I , there exists an element e ∈ I such that xe = x for all x ∈ F . By [15, Proposition 11.3.13], for an ideal I , the
following conditions are equivalent:
(1) I is pure as a left ideal in R;
(2) R/I is flat as a left R-module;
(3) I is right s-unital.
Theorem 2.3. Let M be a u.p.-monoid or (M,≤) be a strictly totally ordered monoid. Then the following are
equivalent:
(1) `(Ra) is pure as a left ideal in R for any element a ∈ R;
(2) `(R[M]β) is pure as a left ideal in R[M] for any element β ∈ R[M]; in this case R is M-quasi-Armendariz.
Proof. We prove it for a u.p.-monoid and the other case is similar.
(1) ⇒ (2). Assume that condition (1) holds. First we shall prove that R is M-quasi-Armendariz. Suppose that
α = a1g1 + · · · + angn and β = b1h1 + · · · + bmhm ∈ R[M] are such that αR[M]β = 0. Then
(a1g1 + · · · + angn)c(b1h1 + · · · + bmhm) = 0 for each c ∈ R. (Ď)
Since M is a u.p.-monoid, there exists i, j with 1 ≤ i ≤ n, 1 ≤ j ≤ m such that gih j is uniquely presented by
considering two subsets A = {g1, . . . , gn} and B = {h1, . . . , hm} of M . Thus aicb jgih j = 0 for each c ∈ R and
ai Rb j = 0. Hence ai ∈ `(Rb j ). By hypothesis, `(Rb j ) is right s-unital, and hence there exists e j ∈ `(Rb j ) such that
ai = aie j . Replacing c by e jc in Eq. (Ď), we obtain
0 = (a1g1 + · · · + angn)e jc(b1h1 + · · · + bmhm)
= (a1g1 + · · · + angn)c(b1h1 + · · · + b j−1h j−1 + b j+1h j+1 + · · · + bmhm)
= (a1e jg1 + · · · + ane jgn)c(b1h1 + · · · + b j−1h j−1 + b j+1h j+1 + · · · + bmhm)
= (a1e jg1 + · · · + aigi + · · · + ane jgn)c(b1h1 + · · · + b j−1h j−1 + b j+1h j+1 + · · · + bmhm).
Using induction on n + m, it follows that ai Rbk = 0 for each 1 ≤ k ≤ m. Thus we have (a1g1 + · · · + ai−1gi−1 +
ai+1gi+1 + · · · + angn)c(b1h1 + · · · + bmhm) = 0, for each c ∈ R. By induction, it follows that ai Rb j = 0 for each
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i, j . Therefore R is M-quasi-Armendariz. Next, let α = a1g1 + · · · + angn and β = b1h1 + · · · + bmhm ∈ R[M] be
such that α ∈ `(R[M]β). Then ai Rb j = 0 for each i, j . Hence {a1, . . . , an} ⊆ `(Rb j ) for each j = 1, . . . ,m. Since
`(Rb j ) is right s-unital, there exists e j ∈ `(Rb j ) such that ai = aie j for each i = 1, . . . , n. Let e = ei · · · en . Then
e ∈ ∩mj=1 `(Rb j ) and ai = aie for each i = 1, . . . , n. Hence αe = α and e ∈ `(R[M]β). Therefore `(R[M]β) is
right s-unital as a right ideal.
(2)⇒ (1). Suppose that condition (2) holds. Let a ∈ R. Then `(R[M]a) is right s-unital. Hence for any b ∈ `(Ra)
there exists α = a1g1 + · · · + angn ∈ `(R[M]a) such that b = bα. Hence b = bai for some 1 ≤ i ≤ n. Clearly
ai ∈ `(R[M]a). Thus R[M] is right s-unital. 
Let R be a quasi-Baer ring and a ∈ R. Then `R(Ra) = Re for some idempotent e ∈ R, and so R/`R(Ra) ∼=
R(1 − e) is projective. Therefore a quasi-Baer ring satisfies the hypothesis of Theorem 2.3. Hence we have the
following:
Corollary 2.4. Let M be a u.p.-monoid or (M,≤) be a strictly totally ordered monoid. Then R is quasi-Baer if and
only if the monoid ring R[M] is quasi-Baer.
Acknowledgements
The author thanks the referee for his/her helpful suggestions. This research was supported by the Shahrood
University of Technology of Iran.
References
[1] D.D. Anderson, S. Camillo, Armendariz rings and Gaussian rings, Comm. Algebra 73 (1997) 14–17.
[2] E.P. Armendariz, A note on extensions of Baer and p.p.-rings, J. Austral. Math. Soc. 18 (1974) 470–473.
[3] G.F. Birkenmeier, J.Y. Kim, J.K. Park, On quasi-Baer rings, Contemp. Math. 259 (2000) 67–92.
[4] G.F. Birkenmeier, J.Y. Kim, J.K. Park, Polynomial extensions of Baer and quasi-Baer rings, J. Pure Appl. Algebra 159 (2001) 24–42.
[5] G.F. Birkenmeier, H.E. Heatherly, J.Y. Kim, J.K. Park, Triangular matrix representations, J. Algebra 230 (2) (2000) 558–595.
[6] E. Hashemi, A. Moussavi, Polynomial extensions of quasi-Baer rings, Acta Math. Hungar. 107 (3) (2005) 207–224.
[7] Y. Hirano, On annihilator ideals of a polynomial ring over a noncommutative ring, J. Pure Appl. Algebra 168 (2002) 45–52.
[8] C.Y. Hong, N.K. Kim, T.K. Kwak, On skew Armendariz rings, Comm. Algebra 31 (1) (2003) 103–122.
[9] N.H. Kim, Y. Lee, Armendariz rings and reduced rings, J. Algebra 223 (2000) 477–488.
[10] T.K. Lee, T.L. Wong, On Armendariz rings, Houston J. Math. 29 (3) (2003) 583–593.
[11] J. Okninski, Semigroup Algebra, Marcel Dekker, New York, 1991.
[12] D.S. Passman, The Algebraic Structure of Group Rings, Wiley, New York, 1977.
[13] M.B. Rege, S. Chhawchharia, Armendariz rings, Proc. Japan Acad. Ser. A Math. Sci. 73 (1997) 14–17.
[14] P. Ribenboim, Noetherian rings of generalized power series, J. Pure Appl. Algebra 79 (1992) 293–312.
[15] B. Stensto¨m, Rings of Quotients, Springer, Berlin, 1975.
[16] H. Tominaga, On s-unital rings, Math. J. Okayama Univ. 18 (1976) 117–134.
[17] L. Zhongkui, Armendariz rings relative to a monoid, Comm. Algebra 33 (3) (2005) 649–661.
